The peak-discharge and drainage area power-law relation Q ¼ αA θ has been widely used in regional flood frequency analysis for more than a century. The coefficients α and θ can be obtained by nonlinear or log-log linear regression. To illustrate the deficiencies of applying log-transformation in peakdischarge power-law analyses, we studied 52 peak-discharge events observed in the Iowa River Basin in the United States from 2002 to 2013. The results show that: (1) the estimated scaling exponents by the two methods are remarkably different; (2) for more than 80% of the cases, the power-law relationships obtained by log-log linear regression produce larger prediction errors of peak discharge in the arithmetic scale than that predicted by nonlinear regression; and (3) logarithmic transformation often fails to stabilize residuals in the arithmetic domain, it assigns higher weight to data points representing smaller peak discharges and drainage areas, and it alters the visual appearance of the scatter in the data. The notable discrepancies in the scaling parameters estimated by the two methods and the undesirable consequences of logarithmic transformation raise caution. When conducting peak-discharge scaling analysis, especially for prediction purposes, applying nonlinear regression on the arithmetic scale to estimate the scaling parameters is a better alternative.
INTRODUCTION
Power-law relations between peak flow and drainage area have been widely observed for centuries and have been applied in analyzing both regional flood frequencies and individual rainfall-runoff events (e.g., O'Connell ; and theoretical considerations (Furey et al. ) . The scaling slopes and intercepts are often estimated in these studies by fitting a straight line to the logarithmic transformations of drainage area and river discharge data using ordinary or generalized least squares techniques. Although the discharge and drainage area power-law relation has been widely applied to estimate flood flows for flood hazard mapping and has attracted growing attention from the research community, the appropriateness of using linear regression of logarithms to estimate power function parameters tends to be overlooked.
Form of the peak-discharge scaling relation
Peak-discharge scaling studies hypothesize a general power function structure as:
in which Q [m 3 /s] is the predicted value of peak-discharge as the independent variable, A [km 2 ] is the upstream drainage area of a specific location, α, θ, b 1 , b 2 , . . . , b m are regression coefficients, and m is the number of predictor variables. X i are the predictor variables including but not limited to watershed characteristics such as river length, basin slope, land use, and climatic variables such as the amount of precipitation. For simplicity, for the remainder of this paper, we limit our considerations to a single variable case of relating Q and A.
Drainage area often has been found to be the dominant predictor variable for basin discharge, therefore Equation (1) is frequently simplified to a two-parameter power function
Parameters α and θ are termed as scaling intercept and exponent of the peak-discharge power-law relations.
Fitting the power function
The conventional method uses the logarithmic transformation to obtain the parameters α and θ, and uses the following procedure: (i) transform the original data for Q and A to logarithms (e.g., of base 10); (ii) fit a straight line to the logarithms using ordinary or general least squares techniques; (iii) display the straight line and data points in a scatter plot with the logarithmic scale and report the coefficient of determination (R 2 ) as the evaluation of the reliability of the estimated parameters α and θ, and thus the accuracy of the prediction equation (Equation (2)). Estimates of Equation (2) can be used to explore the variability of the scaling parameters as results of the interactions between watershed characteristics and climatic forcing.
Similarly, one can use Equation (2) to predict peak discharge at ungauged locations.
The linear regression equation is typically written as:
Accordingly, the scaling intercept α is assigned as 10 to the power of the intercept in the regression equation (Equation (3)) and the scaling exponent θ is equaled to the slope of Equation (3). In most cases, the coefficient of determination R 2 obtained from the fit of Equation (3) takes a value less than unity, indicating that there are discrepancies between paired logarithms of observed and predicted peakdischarge values. Equation (3), when back-transformed to Equation (2), implicitly assumes a multiplicative error.
For easier presentation, we call the conventional method log-log linear regression hereafter. The true values of the coefficients of Equation (2) are unknown for a number of reasons. First, only rarely can the existence of the power law be strictly proven (Newman ; Broido & Clauset ) . Second, data of Q and A used to estimate Equation
(2) are corrupted with observational errors and their sample size is limited. Therefore, the coefficients can only be estimated.
The conventional method minimizes the sum of squares of the logarithms, but in many predictive applications of Equation (2) our main interest is in estimating Q and not its logarithm. As an alternative, a nonlinear least squares regression approach estimates the scaling slope and intercept directly, i.e., without a logarithmic transformation, through Equation (2). This is a numerical fitting approach that uses the minimum sum of squares of modeling errors (differences between data and model output) as the optimization criterion to obtain the values for parameters. The nonlinear least squares method therefore assumes additive errors for the power-law model. Nonlinear fitting used to take greater computational time, but this is no longer a limitation with the advances in computers and software.
Initial values can be assigned as the estimates obtained from the conventional linear regression on logarithms.
Aim of this work
When examining or applying the peak-discharge power-law relation in the arithmetic scale, the existing reports (e.g., The appropriateness of applying logarithmic transformations in peak-discharge power-law analyses tends to have been overlooked. This study explores some implications of the logarithmic transformation and calls for caution in future peak-discharge power-law analyses. The authors pursue this objective by first illustrating the overlooked discrepancies between the peak-discharge power-law models fitted by the least squares log-log linear and nonlinear regressions, and then analyzing the causes for the discrepancies. We use the observed event-based peak-discharge data as examples.
This article is organized as follows. We describe the study area and data used in this study immediately below.
Then, the following section shows the discrepancies in the fitted relationships by the log-log linear and the nonlinear regressions, the underlying reasons for the discrepancies, and the problems of log-log transformation. The next section discusses the implications for peak-discharge power-law data analyses and this is followed by concluding remarks in the final section.
DATA AND METHOD
In this study, data for peak-discharge and drainage area of Figure S1 and Table S1 ).
We analyzed the fitted power-law models by examining the regression residuals and the prediction errors. First, we used both the log-log linear regression and the nonlinear least squares regression to obtain the peak-discharge scaling coefficients and thus their associated power-law models.
Then we used the standardized residuals (SR) defined as:
to characterize the fit. In Equation (4), R k is the residual, i.e., the difference between Q obs (k) and Q pred (k), at the k th streamflow gauge, R k is the mean of R k (k ¼ 1,2,3,…n),
and SR k represents the associated standardized residual.
Variables Q obs (k) and Q pred (k) are the observed and predicted peak-discharges at the k th streamflow gauge, and n is the number of gauges at which peak-discharge is recorded for an event. All log-transformations were base 10 and nonlinear regressions were implemented using the 'nls' function of the R programming language.
Leave-one-out cross-validation technique is adopted in this study to compare the fitted power-law models' ability to predict peak-discharge data that were not used in estimating them. In the practice of conservative flood analysis, these 'predictions' are mostly done for ungauged locations with drainage areas within the original observation range. To avoid extrapolation, we included the peak-discharge data associated with the largest and smallest drainage areas in the training set for each individual event. The leave-one-out prediction errors (LOOE), in the original unit of streamflow for each peak-discharge event, are quantified as:
The fitted power-law models with smaller LOOE are assumed to have better predictive skills. tends to coincide with the scaling exponent of 0.83 given by the nonlinear regression (Figure 1(b) ). The difference between the estimates of the scaling exponent is surprising.
RESULTS
The discrepancy between the estimated scaling intercepts is also obvious. for basins smaller than 10,000 km 2 but would seriously underestimate the peak flow for large basins. In contrast, the function resulting from the nonlinear regression describes the peak discharge well over the full range of upstream basin areas. This visual comparison is supported by the fact that the LOOE is smaller for the equation obtained from the nonlinear regression.
Analyses of multiple events
To show that the event analyzed in the preceding section is not an exception and that the values of scaling exponent estimated by the two regression methods are different, with our graphical comparisons between the two regressions.
As shown in Figure 1(b) , the curve fitted by nonlinear regression traces the untransformed data better for the example event. Similarly, a visual inspection for all the 52 events suggests that, for about 80% of the events, the function resulting from the nonlinear regression better describes the peak discharge over the full range in upstream basin area. 
Potential problems of log-transformation
Log-transformation may not stabilize variance in arithmetic scale Log-transformation may make ill-suited data look extraordinary March to 19 March 2010. Although the scatter at the lower left corner of the plot can be a concern, the overall pattern in the bivariate plot is fairly good and suggests that fitting a straight line to the observations would be appropriate. The equation obtained by ordinary least squares linear regression (R 2 ¼ 0.92, n ¼ 34) appears to be good. This poor fitting is reflected by the fact that the LOOE observed in the log-log space herein should be interpreted with great caution given the ill-suited data.
Causes of the discrepancy in the estimated scaling parameters Log-transformation alters the pattern of data points
Comparisons of the data patterns plotted in the log-log and arithmetic scales in Figures 1 and 3 show that logarithmic transformation is monotonic, i.e., the log-transformation does not alter the order of the original data. However, the relative distances between adjacent points are changed.
Taking Figure 1(b) as an example, the data points plotted in the arithmetic scale are clustered into three groups: one point for observation with upstream basin area greater than 30,000 km 2 , 29 with areas less than 10,000 km 2 , and the remaining four with areas in-between. Along the horizontal axis, the group with 29 points takes up about 25% of the plotting space. In contrast, after the logarithmic transformation (Figure 1(a) ), along the x-axis the distribution of the 29 points with areas less than 10,000 km 2 expands and occupies about 70% of the plotting space. It is evident from comparing Figure 1(a) and 1(b) that logarithmic transformation compresses the larger numbers much more than the smaller numbers. These imply that the logarithmic transformation fundamentally changed the pattern of the untransformed data.
Log-log linear regression models the geometric mean response
Linear regression models the mean responses at given magnitude of predictors, and in this sense Equation (3) can be rewritten as:
E(log 10 QjA) ¼ log 10 α þ θ log 10 A
where E() denotes the expected value. By definition, E(log 10 QjA) ¼ (log 10 Q 1 jA þ log 10 Q 2 jA þ Á Á Á þ log 10 Q n jA)
Equation (7) indicates that the log-log linear regression equation, and thus the back-transformed power function, models the geometric mean of peak flow at each given value of upstream basin area. Since geometric mean is always smaller than arithmetic mean, the back-transformed power function likely underestimates peak flows (see Figure 1 for an example).
Leverage low-value data points in log-log linear regression
Data points on the upper right corner tend to be of low leverage in the log-log linear regression of peak flow against upstream drainage area. Figure 4( the discrepancy due to removing the five data points is relatively small (Figure 4(b) ). Figure 4 was based on the same peak-discharge event as used in Figure 1 .
Assigning high leverage to data points at the lower-left corner in the log-log linear regression may at least partially explain that the back-transformed model reflects the features of the data points representing small values, but not the overall relationship between the peak discharge and drainage area over the full range. In contrast, the equations estimated by nonlinear regression with (solid line in black) and without (dashed line in black) the five data points are remarkably different, implying that these five data points have apparent influences on the fits. Again, for this peak flow event, the nonlinear regressions fit the data better in the units of measurements than those back-transformed from log-log linear regression when all the data points are used.
DISCUSSION
Peak-discharge power-law relation has been widely used in regional flood frequency analysis and explored in the event-based analysis for physical interpretation. In both applications, the real interest lies in the nonlinear relationship between the original variables of peak-discharge and drainage area, that is, in specifying a representative curve in the arithmetic scale rather than in the double-logarithmic scale. However, the double-logarithmic scale, i.e., logarithmic transformation, has been frequently adopted. Using 52 peak-discharge events observed in the Iowa River Basin, the United States over the period from 2002 to 2013, this article illustrates the deficiencies of applying log-transformation in peak-discharge power-law analyses.
On the use of log-transformation for peak-discharge
power-law analysis
Logarithmic transformation was introduced as a notional method to estimate scaling parameters of the peak-discharge power-law relationship for: (1) better distribution of data spanning across few orders (e.g., four in this study) of magnitude for graphical presentation; (2) The light gray lines are back-transformed fits from the log-log linear regression shown in (a). The lighter gray dots are data for the nine basins with drainage area greater than 10,000 km 2 and the darker gray dots are for the remaining 29 basins. The keys in the bottom right corner are the fitted power-law equations. This figure analyzed the same peak-discharge event as used in Figure 1 .
Furthermore, Figure 4 and Figure S3 shows that log-transformation may make the fitting less sensitive to the data points representing larger basins. Our analyses of peak-discharge data and studies on similar power-law relation in other fields Figure S4(b) ). This heteroscedastic variance problem remains for the nonlinear regression method.
Implications for analyzing peak-discharge power-law relation Apparently, the aforementioned problems of log-transformation could lead to misinterpretations of the underlying relationships in the original data. Accordingly, the implication from this work is to at least use logarithmic transformations with greater care in peak-discharge power-law analyses. Nonlinear regression seems to fit better the data in the arithmetic scales, which is of practical interest in power-law applications.
It also helps to disrepute the data that are not appropriate for power-law analysis of peak discharge. However, as pointed out by one of our reviewers, nonlinear least squares regressions might weight data points representing large values more than those representing smaller values. Nevertheless, we recommend that the peak-discharge power-law relationships should be displayed, evaluated, and applied in the arithmetic scale instead of log-log scale. This could increase the fidelity of inferences drawn from future peak-discharge power-law analyses.
CONCLUSION
In this study, we investigated the overlooked problem of adopting logarithmic transformation in peak-discharge power-law analysis. Our findings, through analyzing 52 peak-discharge events observed in the Iowa River Basin, the United States over the period from 2002 to 2013, are as follows:
(1) The discrepancy between the parameters estimated by the log-log linear and nonlinear regression methods is remarkable.
(2) High coefficient of determination (R 2 ) of log-log linear regression does not guarantee high accuracy of the back-transformed peak-discharge power-law model in the arithmetic scale.
(3) Log-log transformation of discharge and area data may mislead the observation of power-law relation and multiscaling of flood peaks.
(4) Log-log linear regression may assign high leverage to data points at the lower-left corner, alter the visual appearance of the scatter in the data, and fail to stabilize variance and predict the median response in the arithmetic scale. These potential problems at least partially explain that the back-transformed model reflects the features of the data points representing lower values but not the overall relationship between peak discharge and drainage area over the full range.
(5) The peak-discharge power functions estimated by nonlinear fitting tend to give smaller prediction errors (LOOE) and better follow the track of data points in the arithmetic scales in most cases.
Recognizing its importance to the field of flood hydrology, this article addresses the use of logarithmic transformations in future peak-discharge power-law analyses.
When applying the regression equations of peak-discharge vs drainage area to predict flood flows for ungauged locations, or to investigate the connections between natural processes and the dynamics of peak-discharge, the fitted peak-discharge power-law relationships should be displayed, evaluated, and applied in the arithmetic scale of practical interest. Accordingly, we recommend using logarithmic transformations in peak-discharge power-law analyses with greater care. The nonlinear regression, which often fits the data better in the arithmetic scale, could be an alternate.
This cautionary note may help increase the prediction accuracy of peak-discharges at ungauged locations and improve our understanding of flood generating mechanisms retrieved from peak-discharge scaling analyses. We investigated the issues of using log-log linear regression to fit power-law functions in the context of Q-A relationships, while the findings herein may also be valid for other applications, including but not limited to, fitting discharge-stage, discharge-sediment, and hydraulic geometry relationships.
We also recommend more research into the issues that affect the statistical consideration of peak-discharge modeling via regression. These include the probability distribution of peak-discharge data, and the statistical (distributional) properties of the residuals. One special topic that is often ignored is the spatial dependence of the peakdischarge. With the covariance known, it would be interesting to explore the estimation framework of the generalized least squares.
